the attractor is a period-5 orbit. Methods for constructing chaotic repellers are available [13-151. Long-lived chaotic transients-the best candidates for experimental observability-are present around crisis configurations [12] , at parameter values just beyond the disappearance of the chaotic attractor. It is worth mentioning that systems with fractal basin boundaries [19] are also accompanied by transient chaos since such boundaries are, in general, the stable manifolds of chaotic saddles.
The astonishing feature in controlling transient chaos is that one stabilizes an atypical behaviour associated with a chaotic repeller, a set with a measure zero basin of attraction. In order to achieve this, one has to use a large ensemble of points starting from some region of phase space including the repeller and concentrate on long-lived chaotic transients. We assume that the dynamics can be represented by a k-dimensional (ka 1) nonlinear map en+, = f ( & , p ) where p is some accessible system parameter.
We choose to stabilize a periodic orbit on the chaotic repeller and specify a target region around it. For simplicity, we take here always a fixed point but note that any of the hyperbolic periodic orbits of the strange set can be chosen, providing the method with a high degree of flexibility. Without loss of generality we set 6 = 0 and p = 0 at the desired fixed point.
Next, take a ball around the repeller (or some part of it), choose randomly a large number of points in it, and iterate them forward. Some will stay around the repeller over many time steps and might fall near the desired fixed point at c=O. Therefore, wait until en of any trajectory enters the target region around the origin and then change the actual value p . of the perturbation parameter p to be different from zero.
Fickp. so that the next iterate &+, =f(&, p.) falls on the stable manifold of the origin of the uncontroiied map. if this is the case, the paramete pertuibation can again be set to zero ( pn+, = 0) and the orbit will approach the fixed poi according to a geometric progression. This mechanism is exactly the same as for chaotw attractors; therefore, the result for the appropriate choice of p . can be taken over from OCY. The computation based on the linearized dynamics around a fixed point of a two-dimensional map says $_ m\.
Letter to the Editor L1361 [3] that Here A. and/. are the unstable eigenvalue of the fixed point in the uncontrolled map (p = 0) and the corresponding left eigenvector, respectively. The quantity gp yields the shift of the position of the fixed point when changing the perturbation parameter by a smaii amount of p. it is supposed that the parameter p can be varied in a smaii range IpI<p* only. Thus, if 1p. I happens to be greater than the maximum perturbation p* we set p. =O. This last condition also specifies the size of the target where control is activated.
Using this algorithm the control of chaotic transients can be carried out. illustrates, by modifying a statement of OGY, that improvement is possible via small control even in systems with periodic attractors, provided they coexist with chaotic repellers in phase space. If the only invariant set is a periodic attractor, small perturbation can change the orbit only slightly [3] . If, however, weak chaos is present, i.e. the topological entropy of the system is positiue, one can choose to stabilize any of the periodic orbits of the chaotic repeller. This leads to a behaviour, selected according to some criterion [3] , which is completely different from that of the attractor.
The average time r needed to achieve control of permanent chaos was found [3] to depend on the maximum perturbation p* according to a power law: r-p;' with an exponent y s 1 for small p*. Here we show that this rule is no longer valid for transient chaos. The reason is that not all trajectories will now be controlled since the This can be best demonstrated by the example of one-dimensional maps. We consider a single humped map f (x) defined on some support interval and having a maximum outside this interval (see figure 3 yieldsp.=2x,(x,-xF) if Ip./<p*, and thus A = p * / x F . ) The number of trajectories controlled in the first step is proportional to the lengths A, and A, of the two pre-images I, and I , of the interval I, respectively, as shown in figure 3 . One of the pre-images of the interval Io, which contains the fixed point, falls into itself, the other one into I,. Therefore, when counting the number of controlled trajectories in later steps, it is sufficient to follow the pre-images of I, without those of I,,. The number of trajectories controlled in the nth step is thus proportional to the sum ofthe lengths I!"-'), i = 1,2,. . . ,2"-' ofthe ( n -1)th pre-images of I,. Note that in transient chaotic cases these pre-images do not overlap for sufficiently small A-values, i.e. for the maximum perturbation pc much less than unity. The independence of the controlling time on p* for p* + 0 relies essentially on this property. where the perlurbation parameter p. is specified by (1) with p* =O.l. The fixed point is at fixed point becomes stabilized. The total number of trajectories controlled at any time step can thus be expressed as The total number of steps before control is then from which the average time to achieve control is computed as r = TI N. Next, let us observe that Po and A, can be obtained by dividing A with the slopes e and c, of the map taken at the iixed point xF and its pre-image x, (figuie 3j, iespziiivePy, foi h sufficiently small. In general, the length scales {[!"I, i = 1,. . . ,2") can similarly be expressed by means of the derivative of the n-fold iterated map /" taken at the nth pre-images of x,. It has been shown [20] that the sum X? If"'(f-"(x))l-' scales for large n at any value of x as exp(-Kn) where K is the escape rate. Therefore, the number of controlled trajectories can be rewritten for A+O as (4) with A and B as constants, because the sum converges for K > 0. Similarly, we obtain
where C is another constant. Since both N and T are now proportional to A, the average time T to achieve control tums out to be independent of A and, therefore, of the maximum perturbation p*. For long-lived chaotic transients, i.e. for K << 1, we find from (4) and (5) that T = 1 /~, which says that the time of control and the chaotic lifetime then coincide for p*+O.
The argument breaks down at K = 0 since the geometric series does not converge and the pre-image intervals overlap, so that all trajectories will be controlled. Therefore, one expects for K + O a crossover to the permanent chaos rule [3] T ( K = O ) -l / p , of one-dimensional maps if p* is not infinitesimally small. Interestingly, the crossover can be seen in an extremely close neighbourhood of the crisis configuration only. To illustrate this, figure 4 shows T as a function of p* for the parabola map at (1 = 2+ The behaviour can be understood by applying the following argument for K and p* small. Both the decay from the repeller and the decay into the target region are essentially random processes. In cases when the pre-images ofthe target region overlap, the rate constant of the control is essentially the same as that of permanent chaos, i.e. ~/ T ( K = 0 ) . These decay processes are, in a first approximation, independent, therefore, the combined process is described by the sum of the rates, and thus 1 /~ = K + ~/ T ( K = 0 ) . For one-dimensional maps l/T(K=O)=cp+ where c is a constant, and we obtain T = 1 / (~ + cp,), which gives a very good fit to the data of figure 4 with c = 0.097 3. This rule also implies that the saturation range where T = I / K holds is reached forp, smaller than some crossover value which scales with parameter a in the same way as the escape rate, i.e. as ( a -2)"2.
The essential features in determining T were the following: (i) the pre-images of the fixed point's surrounding did not overlap, (ii) The number N ( p , ) of the trajectories controlled is influenced by the shape and size ofthe region where control is activated. Fortwo-dimensional maps, this is typically a parallelogram situated around the fixed point having some lengths l , ( p * ) and 12(p*) along the unstable and stable manifolds of this orbit, respectively. N ( p , ) is obviously proportional to the probability of falling into the control parallelogram. Since we use an ensemble of trajectories distributed uniformly on a neighbourhood of the repeller, subsequent images of this neighbourhood will tend towards the unstable manifold of the chaotic set and the limiting distribution will be smooth on the manifold. The measure generated in this way is proportional to the so-called conditionally invariant measure [21, 18] (c-measure for short). Another relevant measure is the natural measure [13, 15, 18] obtained by taking the normalized restriction of the c-measure to the repeller, which is therefore not smooth along the unstable direction. The fractal properties of these measures along the stable manifold are, however, identical.
The c-measure of the control parallelogram can thus he written as d P * ) -4 ( P * ) M P * ) m x (7) with m2 being the crowding index (pointwise dimension) along the stable direction at the hyperbolic fixed point of the repeller. Because of smoothness, U , = 1. The non-trivial crowding index has been determined by means of the periodic orbit theory of strange sets and reads [18] where A"(&) denotes the larger (smaller) eigenvalue at the fixed point. Since for p, + 0 the dimensions of the control parallelogram should be proportional to some powers of we find the number of controlled trajectories to follow a power law with an exponent also depending on, besides local properties, the escape rate of the repeller. Although derived for maps of the plane, this law is conjectured to hold for higher dimensional systems, too. The control parallelogram mainly used by OGY has sizes proportional to p* and pL'2 along the unstable and stable directions, respectively. With the same choice of the control parallelogram one thus finds the exponent for transient chaos to be Another way of specifying the condition for turning on the control is to take a ball of radius proportional to p * . The corresponding exponent is then In order to check the prediction, we initiated an ensemble of trajectories around the repeller of figure 1. They were first iterated up to 10 steps in order to have time to approach the distribution corresponding to the c-measure. It was then determined how many trajectories fall in later steps into a circle of radius proportional to p* centred at the fixed point, where iteration was stopped. (For the analogous permanent chaos case see [3] .) The upper part of figure 5 shows In N ( p , ) obtained this way against In p* , along with the predicted slope.
At this point a simple argument can be given from which the difference between the control ofpermanent and transient chaos clearly follows. The number oftrajectories controlled per time steps is proportional to the c-measure (natural measure in the permanent case) p( p * ) of the control parallelogram. The number N ( p + ) of all controlled trajectories can then be estimated-up to a constant factor-as the measure multiplied by the number of iterates ~( p , ) needed to achieve control in average. Therefore,
N ( P * ) --P ( P * ) T ( P * )
is expected to be valid for both permanent and transient chaos. Note that (12) seems to hold even if neither N nor T is constant. One can easily check that in the parabola map at a = 2 + loT6 N first grows linearly with the maximum perturbation but then (for p*> goes into saturation. Nevertheless, N ( p , ) /~( p , ) is proportional to p+ in the entire range investigated.
In conclusion, we can see that controlling transient chaos is more difficult than permanent chaos as one has to use ensembles of trajectories, but it is also simpler since the time needed does not grow with decreasing perturbation and remains bounded by the average transient lifetime.
The assumption conceming the existence of a nonlinear map allows the investigation of any system, including experiments, for which a faithful PoincarC section can be constructed. Ensembles of trajectories can be generated by repeating the experiment several times with different initial conditions. Both the construction and the analysis of periodic orbits is nowadays straightforward [25] from measured time series. Unfortunately, the experimental investigation of transient chaos has received disproportionately little attention. Experimental control of permanent chaos has, however, been carried out [6-81 exactly in those systems (a driven magnetoelastic ribbon [22] , a convection loop [23] and a spin wave [24] experiment) which had earlier been studied (at other parameter values, of course) in detail from the transient chaotic point of view. All these dynamics can be approximated by low-dimensional maps. Thus, we can hope that the possibility of stabilizing a non-trivial state in the presence of simple periodic attractors can be verified experimentally in these systems.
Finally, we mention that the results also hold in the Hamiltonian limit of transient chaos, which corresponds Io chaotic scattering 1261. The method described here, together with the construction of the chaotic repeller, then provides us with the ability to stabilize intermediate complexes of driven classical scattering systems (e.g. chemical reactions) in time-periodic states.
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